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Abstract—We analytically derive probability density functions
of the sampled electrically filtered photo current for optical amplitude-shift keying and differential binary phase-shift keying using
the Karhunen–Loève series expansion method. This allows us to
determine exact branch metrics for a Viterbi equalizer. We then
compare the performance of histogram-based Viterbi equalizers
with those using analytically calculated branch metrics.
Index Terms—Maximum likelihood sequence estimation
(MLSE), probability density function (pdf), Viterbi equalizer
(VE).

I. INTRODUCTION

I

NCREASING bit rates for optical communications systems
require equalizers that can efficiently mitigate fiber impairments like chromatic dispersion (CD) and polarization mode
dispersion (PMD), especially beyond 10 Gb/s. Recently, equalizer concepts that have been successfully applied to electronic
wireline and wireless systems are considered for optical communications [1]–[3]. Among these, the Viterbi equalizer (VE)
is of special interest, as it can provide minimal bit-error probability (BEP) by performing a maximum likelihood sequence
estimation (MLSE) using the Viterbi algorithm if the transmission bits are equally distributed [4].
The problem arising when MLSE is applied to the nonlinear
and non-Gaussian optical systems (where in the scope of this
letter the nonlinearity is caused by the square law detection) is
the determination of the branch metrics (BM), i.e., the photo current statistics. Several approximations have been investigated,
namely Gaussian or chi-square functions, e.g., in [5]. In this
letter, we derive BM analytically and assess the performance
of VE for optical amplitude-shift keying (ASK) and differential
binary phase-shift keying (DBPSK) in the case of dominating
amplified spontaneous emission (ASE) noise.
The derivation of the probability density function (pdf) of the
sampled and electrically filtered photo current, and hence the
determination of the BM, is based on the Karhunen–Loève series expansion (e.g., [6] and [7]) and will be called the KLSE
method. It takes into account arbitrary impulse shaping at the
transmitter (TX), fiber-induced impairments, and arbitrary receiver (RX) filters. Therefore, the correlation of the noise (due
to the RX filters) and its signal dependency (due to the square
law detector) are completely considered. As a consequence, the
results presented here are lower bounds for the BEP for the systems described above.

Fig. 1.

Equivalent low-pass model of ASK system.

II. CALCULATION OF BRANCH METRICS
In Fig. 1, the equivalent low-pass model of the investigated
ASK system is shown. The TX consists of a continuous wave
laser which is modulated externally by a Mach–Zehnder modulator, whose electrical drive signal is the output of an impulse
shaper with given impulse response. The RX consists of an optical filter, a photo diode, and an electrical filter followed by the
MLSE equalizer. For DBPSK, a precoder in the TX and a delay
and add interferometer filter (DAF) followed by a balanced detector in the RX are needed in addition.
We now briefly sketch the KLSE method used to calculate
in Fig. 1, for ASK. We
the pdf of the sampled photo current
assume that the transmitted bit sequence, and hence all deterministic signals, are periodic with a period of symbol durations and that ASE is the dominant noise source. The RX noise
in Fig. 1 can then be modeled as a complex additive white
Gaussian noise with zero mean in front of the optical RX filter
[6]. The optical field
at the input of the photo diode may
thus be expressed as the sum of a signal component
and a
noise component
. We can now expand
and
in a
series. However, instead of using the Fourier expansion as in [6],
we use a Dirac-impulse basis as in [7]. In this case, the expansion coefficients
and
are just given by the sample values
of
and
at time instants
, where
and
is the oversampling factor. Now, combining the expansion coefficients to vectors and containing
elements, the RX sample may be written as a quadratic form
[7]
(1)
where
is a random vector consisting of samples of
at time instants
.
is a diagonal matrix with samples of the electrical filter
impulse response
on the main diagonal.
We can now derive the moment generating function (MGF)
of the RX sample , which is defined as the expected
value of
. Using (1), we get
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Fig. 3. Nonlinear state-based system model.

The pdf of the RX sample
is now given by the inverse
Laplace transform of
. However, since we observed
numerical problems in evaluating this transform, we first determine the cumulative distribution function (CDF)
of
by means of the integral
(5)

Fig. 2. PDF for (a) ASK and (b) DBPSK at R = 0 ps/nm. (c) ASK and
(d) DBPSK at R = 85 ps/nm. (e) ASK and (f) DBPSK at R = 170 ps/nm.

Since the optical filter is linear and time invariant, we can
is multivariate Gaussian disconclude that the signal vector
tributed with the pdf [8]

which is evaluated with the method of steepest descent [10]. We
finally obtain the pdf as a first derivative of the CDF.
The extension of the KLSE method to DBPSK transmission
is presented, e.g., in [7] and [11]. The main difference in the
derivation is that the incorporated vectors and matrices are two
times as large as for ASK, if balanced detection is assumed.
Fig. 2 shows some examples of the calculated pdf and the corresponding histograms for nonreturn-to-zero (NRZ)-ASK and
NRZ-DBPSK for different values of the residual dispersion
and for the assumption that the memory length of the overall
transmission system is restricted to three symbols. As a consequence, eight different pdf are possible, one for each binary
sequence of length three. The graphs for the different sequences
are labeled with the corresponding binary notation, where “X”
and “Y” may be either “0” or “1” and “ ” denotes logical NOT.
The analytical pdf were obtained with a 2 de Bruijn bit sequence. For the histograms, Monte Carlo (MC) simulations of
10 bits using a quantization of 5 bits were performed. The pdf
are shown at OSNR
dB for
and
ps/nm
in Fig. 2(a,b), (c,d), and (e,f), respectively. As expected, the pdf
for all sequences with a one in the middle as well as those with
ps/nm, since in
a zero in the middle fall together for
this case we observe almost negligible intersymbol interference
, and
(ISI) only introduced by the RX filters. For increasing
hence increasing ISI, the pdf drift apart as shown in Fig. 2(c)–(f).
The pdf for DBPSK are nonsymmetrical, since the two output
signals of the DAF do not show a symmetry either.
III. VITERBI EQUALIZER FOR NONLINEAR SYSTEMS

where
is the covariance matrix of
. Their elements are
given by the optical filter transfer function and the optical
signal-to-noise ratio (OSNR) [7]. After inserting (3) into (2)
and applying the Karhunen–Loève transform (KLT) as in [9],
it can be shown [7] that

The VE is well known in communication theory, see, e.g., [4].
Applying it to the nonlinear optical system is straightforward as
long as an overall finite memory system model can be derived
[1]. Let denote the binary TX symbols at symbol duration
and
the noiseless RX signal. Then, the discrete-time output
sequence of the system model in Fig. 3 has to correspond to
the transmission system output sequence in Fig. 1. Assuming
binary input and a model with memory of symbols, the output
of the state model is described, in general, by a finite-state
table
with 2
entries [1]

(4)

(6)

in (4) are the eigenvalues of
and are the elements
of the vector , resulting when the KLT is applied to .

addressed by the current and
preceding as well as
succeeding symbols. The VE will then operate on a Trellis with 2
states with 2
branches. With the MLSE decision criterion,

(3)
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For DBPSK in Fig. 4(c) and (d), in principle the same observations can be made. Again the four-state VE is sufficient as long
ps/nm. However, the 64-state VE shows an about
as
0.5–0.7-dB better performance for NRZ than the 16-state VE if
ps/nm. Moreover, the KLSE method requires about
0.5–0.7-dB less OSNR than the histogram-based approach in
this range. For RZ-DBPSK, the KLSE method outperforms the
ps/nm.
histogram-based VE as well by 0.7–1 dB for
However, the performance improvement of the 64-state VE
compared to the 16-state VE is only about 0.3 dB.
The fact that the required OSNR may decrease while the
residual dispersion increases can be explained by the average
distance between different sequences, which also increases to
some extent even though the eye is completely closed. The
greater the distance between two possible sequences, the easier
they can be distinguished by the VE.
V. CONCLUSION

=

Fig. 4. Required OSNR for BER
10
versus residual dispersion for
(a) NRZ-ASK, (b) RZ-ASK, (c) NRZ-DBPSK, and (d) RZ-DBPSK.

the most probable sequence
of all possible sequences is selected, i.e.,

out of the set

(7)
The BM

in (7) can be evaluated using (4) and (5).
IV. SIMULATION RESULTS

We assess the performance of VE with different memories of
,
, and
via MC simulations of 10 symbols. The
Gb/s includes 6.75% forward-error correcbitrate of
tion overhead. For all simulations, rectangular impulse shaping
is assumed. For NRZ [return-to-zero (RZ)] the RX use second
(first)-order optical Gaussian bandpass filters with a full 3-dB
bandwidth of
(
) and third (third)-order electrical Bessel low-pass filters with a 3-dB cutoff frequency of
(
).
It has been shown, e.g., in [1], that BEP can be minimized
with respect to the sampling instant, which depends on CD.
However, since our main focus is to compare VE performance
for analytically calculated BM according to (5), to histogrambased metrics, we consider sampling at time instants
.
Fig. 4 shows the required OSNR to achieve BER
10
versus residual dispersion
for ASK and DBPSK, respectively. From Fig. 4(a) and (b), one can observe that the results
of the histogram-based approach agree with those of the KLSE
method for both NRZ-ASK and RZ-ASK. It is, moreover,
obvious that a VE with memory
is sufficient as long as
ps/nm; whereas, the high-complexity RX with
does not improve the performance even up to
ps/nm.

We have evaluated analytical BM for optical ASK and
DBPSK using the KLSE method. The derivation was neither
restricted to specific impulse shaping at the TX nor to special
pre- and postdetection filters at the RX. It turned out that the
more practical histogram-based VE shows almost identical
results as the one with analytic BM, whose determination is
too complex for online calculation. Moreover, we observed that
a state-based system model with memory two is sufficient to
ps/nm
describe the nonlinear optical system up to
ps/nm for DBPSK at 42.7 Gb/s. If more
for ASK and
residual dispersion should be managed, the memory length of
the system model has to be increased.
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